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Abstract 

We consider a closed odd-dimensional oriented manifold M together with an 
acyclic flat hermitean vector bundle J-". We form the trivial fibre bundle with fi- 
bre M over the manifold of all Riemannian metrics on M. It has a natural flat 
connection and a vertical Riemannian metric. The higher analytic torsion form of 
Bismut/Lott associated to the situation is invariant with respect to the connected 
component of the identity of the diffeomorphism group of M. Using that the space 
of Riemannian metrics is contractible we define continuous cohomology classes of 
the diffeomorphism group and its Lie algebra. For the circle we compute this classes 
in degree 2 and show that the group cohomology class is non-trivial, while the Lie 
algebra cohomology class vanishes. 
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1 The form T 



Let M be a closed odd-dimensional oriented manifold. By Aiet{M) we denote the space 
of all Riemannian metrics on M. It is a convex open subset of C°°{M, S'^T*M) and 
therefore a Frechet manifold. 

By Viff{M) we denote the group of diffeomorphisms of M. It is a Frechet Lie group, 
and its Lie algrabra is X{M) = C°°{M,TM). The group Viff{M) acts on Met{M) by 

{f,9) e VzffiM) X Met{M) ^ w{f)g := {f-^Yg G Met{M) . 

By Viff{M)^ we denote the connected component of the identity of Viff{M). 

Let F — i> M be a flat hermitan vector bundle. By T)iff{M, F) we denote the group 
of its automorphisms. Viff{M, F) is again a Frechet Lie group, and we denote by 
T>iff{M, Fy its connected component of the identity. There is a natural surjection 
qF:Viff{M,F)^^Vtff{M)^. 



Assumption 1.1 We assume that T is acyclic, i.e., that H*{M,J-') = 0, where T is the 
sheaf of parallel sections of F. 



We are going to define a closed and T'2//(M)°-invariant form 
T = To + T2 + T4..., T2ien^'{MetiM)) 
by specializing the higher real analytic torsion introduced by Bismut/Lott |jl[|. 

Let Q*{M, F) denote the space of F- valued forms on M. If we choose a Riemannian 
metric g G Aiet{M), then we can define an L^-scalar product on Q*{M,F). For X G 
X{M) let i{X) G End(fi*(M,F)) denote the insertion of X. We put e(X) := i{X)* and 
define 

c(X) := e(X) - i{X), c(X) := e(X) + i{X) . 

Let V denote the connection on A*T*M ® F induced by the Levi-Civita connection 
associated to g and the fiat connection on F. 
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We identify TgMet{M) = C°^{M,S^T*M) in the natural way. Then we define S G 
}Iom{TgMet{M),End{n*{M,F))) by 

S{h) := h{ei, ej)c{ei)c{ej), h E TgMet{M) , 

where {cj} denotes a local orthonormal frame on M. 

We put A'' := }iom{A%Met{M),End{Q*{M,F))) and A := ©^^^ Then there is a 
natural product A'^ ® A'' -^ A'''^^. 

For t > we define 

A := -ytc(e,)Ve, + SeA. (1) 

BjNeA^ we denote the Z-grading on Q*{M, F). We have D^ := — iA(mod A^^), where 
A is the Laplacian on Q*{M,F) defined with the Riemannian metric g. Hence for any 
i G N and for t > the term [(1 + 2D^)e^t]i G A^ has values in the trace class operators 
on n{M,F). 

Lemma 1.2 For all i G 2No and h G JV'TgMet{M) the integral 

1 , r°° o fit 

Uh) := -i — y/' / Tr,iV[(l + 2D^)e^^Uh)- (2) 

Ztti Jo t 

converges. Moreover T := Tq + T2 + T4 + . . . is a closed form in Vt'^'" {M.et{M)) . 



Proof. We show how this can be deduced from the results of |]I| by specialization. We 
consider the trivial fibre bundle p : E := Met{M) x M ^ Met{M). Let q : E ^ M 
denote the projection onto the second factor. Then q*F -^ E is a. fiat hermitean vector 
bundle over E. We choose the tautological vertical Riemannian metric on E such that 
the fibre Eg carries the metric g G M.et{M). There is a natural choice of a horizontal 
distribution T^ E — > E given by the kernel of dq. 

The tensor T given in ||I[, (3.11), vanishes since T^E is integrable. Since q*F is fiat 
as a hermitean vector bundle the tensor ip introduced in [|l|, (d), vanishes, too. The 
symmetric tensor ojakj defined in |Q, (3.21), is can be identified with the hnear map 
h G TgMet{M) -^ uj{h)ij = h{ei,ej). Thus D^ coincides with 2X defined in |1|, (3.41). 
One can now check that Dt is just twice the operator given in |jl|, (3.50). 

Convergence of the integral (0) follows from IQ, Thm. 3.21. By [|l|. Cor. 3.25 the 
form T is closed. □ 



2 GROUP COHOMOLOGY CLASSES OF VIFF{Mf 
Lemma 1.3 The form T is invariant under Viff{M)^. 



Proof. Via the homomorphism qp : Viff{M, F)° -^ Viff{Mf the group Viff{M, F)° 
acts on M, A4et{M), and thus on E such that the projections p, q are equivariant. Since 
q is equivariant, the horizontal distribution T^E is Viff{M, F)^ invariant. The tauto- 
logical vertical Riemannian metric is invariant with respect to T>iff{M, F)^, too. Now 
T>iff{M, F)^ acts on q*F ^ E hj automorphisms of fiat hermitean vector bundles. 

Since all structures used to define T are Vif f{M, F)°-invariant, we conclude that 
T is invariant with respect to Viff{M,F)'^, too (compare |]l[. Thm. A 1.1). Since 
qp : Viff{M, Ff -> Viff{Mf is surjective, T is invariant under Viff{Mf. D 



2 Group cohomology classes of Vif f[M)^ 



Let T be a closed p-form on the convex subset M.et{M) of C^{M,S'^T*M) which is 
invariant under Viff{Mf. We fix a base point gi, e Met{M). If fo, . . . fp e Viff{Mf, 
then we define a smooth map 

from the standard p-simplex A^ to M.et{M) by s(/o, . . . , fp){t) := Y^^i=Qtiw{f)gh, where 
i=(to,...,tp)eA^ELo^. = l-If/e25^//(Mf,then5(//o,...,//,)=w;(/)s(/o,...,/p). 

Let C^{T>if f{MY) be the space of real alternating group p-cochains, and let d : 
CP{Viff{Mf) -y CP+\Viff{Mf) be the usual differential 0, Ch 1.5. Then Viff{Mf 
acts on CP{Viff{Mf) by (/c)(/o, . . . , /p) := c(/-7o, • • • , /"Vp)- We define the cochain 
ct by 

Ct(/o, ...,fp):= / s(/o, . . . , fpYT . 



Lemma 2.1 ct is a Vif f (M)^ -invariant cocycle. 

Proof Let / G Diff{Mf. Then 

(/ct)(/o,...,/p) = CT{f-'fo,...J-'fp) 

= f s{f-'fo,...j-'fprT 

J AP 
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{wif-') o s{fo, . . . , U)rT 

Ap 



s{fo,...,urw{r'rT 

Ap 

I sifo,...,urT 

J Ap 

crifo, ■■■,fp) ■ 



We have by Stokes Lemma 



p+i 
(c?ct)(/o,.-.,/p+i) = ^(-l)*'cT(/o,...,/i,...,/p+i 

i=0 
p+1 



I s(/o,...,/,+i)*T 
rf(s(/o,...,/p+i)*T) 
s(/o, •••,/p+i)*c?T 



Ap+1 

. 



D 



Thus ct defines a cohomology class hx G H*{Viff{M)'^, R). 
Lemma 2.2 /i^ (iocs not depend on the choice of the base point gb- 



Proof. Let g'^ G Aiet{M) be another base point and Cy be defined using g'f^. Then we 
define the chain u E C^'^ {Vi f f {Mf) by 

m(/o, • • • , /p-i) = / Up-i{fo, ..., fp-i)*T , 

where f/p_i(/o, • • • , /p-i) : A^-^ x / ^ Met{M) is given by f/p„i(/o, . . . , /p_i)(t, s) := 
EfJo ^i(sfi'6 + (1 - s)5'6)- Now we have 

c'rifo, ■■■, fp) - Crifo, ■■■, fp) - du{fo, ..., fp) = / Up{fo, . . . , fpYT 

Upifo,...,fprdT 

ApxI 

. 



3 LIE ALGEBRA COHOMOLOGY CLASSES OF X{M) 



a 



Recall that Viff{Mf is a Frechet Lie group. Let C*{Viff{M)^) C C*{Viff{Mf) 
denote the subcomplex of smooth cochains and H*{T>iff{M), R) be its cohomology. Then 
u,ct e C*iViff{Mf), and hr G HP{Viff{M),R) is well-defined independently of the 
choice of gb. 



Definition 2.3 In the special case that T is the higher analytic torsion form associated 
to the closed odd- dimensional oriented manifold M and the acyclic locally constant sheaf 
of Hilbert spaces T defined in Section |I| we denote the class hx by T{M, JF). 



3 Lie algebra cohomology classes of A'(M) 



Recall that X{M) is the Lie algebra of Diff{Mf. Let C*{X{M)) := Hom(A*A'(M), R) 
denote the complex of continuous Lie algebra cochains with differential d (see Q], Ch. 
1.3). There is a natural map of cochain complexes V : C*{Viff{M)^) — >■ C*{X{M)) 
given by 

{Vc)iX„...,X,):=p-^ ...-^ c(l,e*^^\...,e*^^^), 

c e CP{Viff{Mf), Xi G X{M). Let V, : H^{Viff{M),R) -^ H*{X{M),R) denote the 
induced map. 

If X G X{M), then we define 

hx ■■= ^ w{e''')gb G Tg^Met{M) . 



Lemma 3.1 Let T be a closed p-form on Aiet{M). We have 

{Vct){X,, ...,X,) = ^— L_T(/ixi A ... A hx,) 



Proof. We have 

s(l,e^^^S...,e^''^-)(t) = togb + J2t^^'''''i9b 

i=l 
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p 

i=l 

P 

P P 

= E dti9b + E dtiie^hx, + 0(e^)) 

5(l,e-^S . . . ,e^^^-)*T(t) = {fle,)T{hx, A ... A /ixjlfl^^.) + ^(e?. • • • - 4) 

CT(l,e^^^S...,e^''^^) = {f[e,)T{hx,A...Ahx,) [ {f[dU) + 0{el...,el) 

= ^Tihx, A...Ahx,)if[e,) + Oiel . . . , ej) . 
This implies the Lemma. □ 



4 Computations for the circle 



In this section we exphcitly compute T2 G n'^{Met{S^)), T2(M,J^) G H^{Viff{M),K) 
and V^T2{S^,J-') G i/2(A:'(M),R) in the case that M = S*"*^ and JF is a locally constant 
sheaf of one-dimensional Hilbert spaces with non-trivial holonomy. 

We identify S^ = R/Z. Let F be the fiat hermitean vector bundle associated to JF. 
Up to isomorphism F is determined by its holonomy e^^^*", a G [0, 1). If a G (0, 1), then 
J-' is acyclic. 

We make the identification nP{S\ F) = {f e C°°(R) | f{x + 1) = e'^''''' f (x)} := H for 
p = 0, 1 using the form dx in the case p = 1. We further identify C°°{S^, S^T*S^) with 
C°°{S^) using the metric dx"^. 

Let gi, be the standard metric dx^ on S^ of volume 1. Then w{T>if f{S^)^)dx'^ = 
Meti{S^), where A^eti(S'^) = {fif G 7\/let(S'^) | vol3(S'^) = 1}. In order to compute the 
restriction of T to Aieti{S^) it is therefore sufficient to compute T{dx'^). 

In the following we fix the metric dx"^. We put i := i{dx), e := e{dx) = dxA. Then 
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c = e — i, c = e + i, and cc = —z, where z is the Z2-grading of Q*{S^, F). 

Let V C Tdx2J^et{S^) be a finite-dimensional subspace and Gr(V^*) be the Grassmann 
algebra generated by V*. Then Gr(V^*) is a Z-graded algebra, and we denote by Gr(V*)p 
the subspace of elements of degree p. We choose a base {ha} of V and let {E°'} denote 
the dual base. Then we define 

D := -cdx - KE'^z 

acting on ?i (8> C^, where 

ha G C°°(S'^) acts as multiplication operator on Ti^ and {-E", c} = = [i^^", z\. 

The operator D corresponds to Di in (|l]) under the identifications above. We obtain Dt 
by rescaling. For t > let ^E^^ : l^ ^ \/ be multiplication by 4j and ^l : Gi{V*) -^ Gi{V*) 

be the induced automorphism. Then we have Dt = '^*\/tD. 



We have 



D2 = dl + {cd^,haE"z} + hahf3E''E^ 
= dl + 2chaE°zdx + c{dxha)E°z . 



We can write Tr,iV(l + 2D^)e^t = ^*(1 + 2t|)Tr,iVe*^', where 



' dt' 


1 



We want to compute [e*^']2 G Gr(V'*)2®End(fi*(5\ F)). Let Ra ■= -2chazdx-c{dxha)z. 
Then we have D^ = d1 + E^Ra- By Duhamel's formula we have 

[e*^']2 = -t'^E'^E'^ fe'''°^'Rae''''^"Rf3e''''^'da 

= eE'^E^ f e'''°^'{2had, + d,ha)e"''^'{2h^d, + d,hp)e"''^'da , 
Tr,Ar[e*^']2 = -t'E'^E^Ti j e''''>^'i2had^ + d^ha)e"''^'i2hpd, + d^hp)e"''^'da , 

where the operator in the last line acts on Ti. 

For fc e Z let fk{x) := e2^*(^+'')^. Then d^fk = -Arr^ik + af fu- Furthermore, for 
a G Z let ha{x) := e^'^*"^. Let V be spanned by a finite number of these ha- Then we 
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have 






e 



-47r2(fc+a+/3)2to-i 



(2(A; + a)+/5)e-^-'('=+")'*'^Vfc+/3+. 



= -^T,^Q-^-Hk+a+P+aftao^2{k + a + P) + o) 

g-4.2(fc+a+;3)2tai^2(A; + a) + /3)e-^"'('=+")'*'^Vfe+/3+a 
We conclude that if a + /5 7^ 0, then 

Tr e*'^"^' (2/1,9, + dM^^^'^H'^hd, + -9,/i/3)e*'^^^' = . 
If a = — /5, then 
Tr e*"«^'(2/i„a^ + d^h^)e"'^^'{2hpd^ + d^hp)e"'^^' 

fcez 
= -47r2 ^(2(A; + a) - «)2e-4-^('=+'^)'*e4-'"(2(fc+a)-a)t.i ^ 
fcez 
Now 



/ f{(Xi)da = / /(o-i) / ^0-2^0-1 

JA2 JO Jo 

= / /(o-i)o-i(io-i . 
Jo 



We conclude 



Tr / ^ e*"«^'(2/i,9, + 9,/i,)e*"^^'(2/i^9, + 9,/i^)e*"2^'da 

= -4vr' V [\2{k + a) - a)2e-4-'('=+")'*e^"'"(2(fc+a)-a)ta^^^ 
fcez-^o 

= _4^2 ^ g-4.2(fc+a)2i |2(fc+a)-a ^4^2,,„^^^ 



fcez ^0 



.4^2 ^ ,-4.2(fc+a)2. ^ ,4.2a.(2(fc+a)-.)(2(A; + a)-a) _ e4^M2(^+")-") - 1 ' 



e ^^'' 



fcez \ 

4,2 y^ / -4.2(fc+.-«)2* /^ 2(A: + a)-a _ 1 \ , e'^-^^^^")^^ 
^^ V ^ ATT^at {ATT^atyj {AiT^aty 
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Since E^E" 



-E °'E°' we obtain by some resummation 

-t'^E'^E'^'TTs I e*'"°^'i?„e*'"i^'i?_„e*'^2^'da 
Ja2 



2t 



a 



E"E-" ;^ (A; + a)e 



-47r2(fc+a)2i 



feez 



Using 



we obtain 



'"(^+^4'-(^+^«|)'"^ 



-E°^-"r^^t(l + 2t— )t2Tr, / e*"o^'i?«e*"i^'i?_«e*"2^'rfa 
at JA2 

_^"^-"t-2(i + 2t— )t2Tr, / e*"°^'i?«e*"^^'i?_„e*"2^'rfa 
(it Jaz 

= (5 + 2t^) — E"E-" ^ (A; + a)e-^"'('=+")'* . 
at to; j^g2 



We employ 



-An^ik+aft 



27rV2 



-22/4g-27n(fe+a)tl/2^^^ 



in order to write 



(5 + 2t^)-5](A; + a)e-^'^'(^+'')'* 
kaZi 



(5 + 2t 
(5 + 2t 
(5 + 2t 
(5 + 2t 
(5 + 2t 



d^ 2 
rft 

rft 
d 
It 
d_ 
It 
d 
It 






^" fct^ 27ri/2 ,_^ 



27r2tV2 rf^ 



(i^ 



4^3/2^^3/2 



fcez 

2 /-oo 



5] /" ze-^'/^e-2^<'=+'')*'''^rfz 

1,-rF J— OO 



4t3/2a7r3/2 y_ 



4^3/2^^3/2 
I 



oo 

oo 



-27riail/22 y^ n-nit'^l'^zk -z'^ /Ai 



fcez 

-27riail/22 m^ X/fl/2 



meZ 



4^5/2^^3/2 



y^ ^g-™^/4tg-27riam 



mgZ 



777 p 

2t3/2a7r3/2 ^„ dt 



E 



^-'irL^ / At -2'jnam 



mv^an^i^ 



E 

mez 



3 — »n2/4t — 27rjam 



me 



Integrating from to oo with respect to t and substituting t = irP' / z we obtain 

^ m^e-™'/^*e-=^"*""'rft 



8t7/2a7r3/2 



mgZ 
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'"" meZ\{0} 






-— ;- / z^/^e ""^^^dz V ^ sin(27ram) . 
n-^'^ Jo ^1 m^ 



AaTi^/"^ 



Note that 



r z^'^e-^'^dz = - r z'/^e-'"/'2zdz 
Jo 2 JO 



1 /"oo 

2io 

= 2^/2 rv^'^e-"dv 
Jo 

= 2^/^ Tv^'/'-'e-'dv 
Jo 

= 23/2r(5/4) . 
We conclude 

Lemma 4.1 Lei V be spanned hy h^, \a\ < R. Then 



1 rpa 771— a 



\m>l / a=l 



Next we compute V,T2{S\J^). For A; G Z let Xfc(x) := e^^*'^^^^ G A'(^^). Then 
hxf,{x) = —Amke^'^'^^^dx'^. By Lemma ^TT] and |4.1| we have 



VcT^{Xk,Xh) = T2 ( /iXfe , hx^ ) 

= 01/2 \/2 , r(5/4)(-47rzA;e^-"^)(-47rz/ie^-"^)4+/. E Asin(27ram) 



2^/V-i/2^A;r(5/4)4+h y ATsin(27ram) 



m>i"^ 



Define u G ^^(^'(Si)) by u{fd,) := /^i /(x)rfx. Then du{hd^, hd,) = u{[f,d,, /a^J). In 
particular, 

du(Xk,Xh) = 2'Kiih-k) I e^'^'^^+^^dx 

Js^ 

= 2m{h - k)6h+k 
= -A-Kikdh+k ■ 
We conclude that 

Vct^ = -23/27r3/2r(5/4) f V At sin(27ram) | du . 
Thus we have shown the following 
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Lemma 4.2 

Finally we compute T2iS\J^) E H^{Viff{S^)^,R). By §, Thm. 3.4.4, the ring 
H*{Viff{Sy,R) is generated by two classes a,p E Hl{Vif f{S^f ,K), where /^^ = 0, 
V^[3 = 0, and V^a ^ 0. Thus T^iS^^T^ = c[3 for some constant c G R. It remains to 
describe (5 and to determine the constant c. As explained in Q], there is a commutative 
diagram 

^ i//„,(5L(2,R),R) A /72(^^(2,R),R) ^ ^ 

where the vertical maps are induced by the inclusion 5*17(2, R) --^ Viff^S^Y which is 
a homotopy equivalence of topological spaces, H^^ denotes cohomology of topological 
spaces, and we have used that H\sl{2, R), R) = 0, H'^{sl{2, R), R) = 0, H\X{S^), R) = 
0. 

The Cartan decomposition gives a decomposition SL{2, R) = 50(2) x R^ as topologi- 
cal space, where S'0(2) = S*^ is a maximal compact subgroup. Let / : SL{2, R) -^ 50(2) 
be projection onto the first factor. 

We fix the orientation of 5*0(2) such that 

(?-).. 0(2, 

points into the positive direction. Let 6 G if/„p(5L(2, R), R) be such that {6, [50(2) x 
{0}]) = 1. Thenp:=boa-\5). 

We determine the constant c using the identity u;(7^(5'\ JF)) = cv{S). By |^, Thm. 
3.4.3., there is a unique sheet of Arg such that c' : 5'L(2,R) x 5'L(2,R) -^ R given by 
c'{g, h) := ^ATg{f{gh) — f{h) — f{g)) satisfies c'(l, 1) = 0. The function c' represents v{6) 
using the description |[, Ch. 4.1 (II), oiH^{SL{2, R), R). As explained in [|, p. 264, the 
class v{S) is also represented by the cocylce {g,h) i-^ ^yoln^io, go, gho), where o is the 
origin in the hyperbolic plane H^ = SL{2,'R,)/SO{2) of constant sectional curvature —1 
and V0I//2 (o, go, gho) denotes the oriented volume of the geodesic triangle A{g,h) spanned 
by o,go,ghoe H^. 

Note that w(T2{S^,J-')) is represented by c'rp^{g,h) := CT2{^,g,gh). Since 5'0(2) 
stabilizes the metric dx^, the inclusion 5L(2,R) "-^ Viff{S^)^ induces an inclusion 
i : H'^ ■^ Meti{S^) such that i{o) = dx^. 
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Let I denote the unit interval [0,1]. li g E SL{2,'R,), then we define j{g) : P h-* 
Met{S'^) by j{g){s,t) = si{jt) + (1 - s){tdx'^ + (1 - t)w{g)dx'^), where 7 : J i-^ i/^ is the 
geodesic path joining o and go. Furthermore we define the cochain u G Cl{T>if f{S^)^) 
by u{g) := Jj2J{g)*T2. Then we have c'rp,^{g,h) - JA(g,h)^*T2 = u{gh) - u{g) - u{h). It 
follows that w(72{S^,J-')) is represented by the cocycle {g,h) \-^ /a{(/,/i) ^*^2- Since i is 
SL{2, R)-equivariant and T2 is Di//(S'^)°-invariant, i*T2 is SL{2, R)-invariant and hence 
proportional to the volume form voIh'^, thus i*T2 = ^voIh^. 



Let 



/ 1 \ ^, / 1 
^^= -1 ' ^^=0 



Let A^,N^ G X{H^) denote the corresponding fundamental vector fields. Then 

vo\h2{A\o),N\o)) = -2 . 



Let A*, N* G X{S^) denote the fundamental vector fields corresponding to A, N. Then 
we have 

A*(x) = — (e^-*^ - e-2"*^)(9^, N*(x) = ^(e^^*^ + e'^"*^ + 2)d^ . 
2111 Att 



We have 



miA^N^) = T T, CT.(l,e*^e*V^) 
as\s=oat\t=o 

= Vct,{A*,N*) 

= - 95/2^9/2 ^(5/4) E -^si^(2^«^) • 

^ " m>l '"' 



We conclude that 



w 



'MS\:F)) = -^^^r(5/4) E -1 sin(27ram)t;(<5) 



m>l 



We have shown the following 



Lemma 4.3 



T2iS\j^) = -^57^r(5/4) ( E -^sin(27ram) ) /5 . 

\rn>l j 
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5 Concluding remarks 

1. The one-dimensional example shows that T{M,J^) is nontrivial in general. 

2. In [0] Bott gave a construction of cocyles for Viff{M) given by integration of 
locally computable quantities. In our example the class a can be represented in this 
way. Since T{S^,J^) depends non-trivially on JF there is no local representation for 
T{M, T) in general. 

3. Is there any easy way to compute T2j{S^, JF) for j > 2? 

4. Can V^T{M, T) be non-trivial? 

5. Give a differential topological interpretation of T{M,T)1 
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